The spin-orbit nearest-neighbor sp 3 s* model is widely believed able to reproduce accurately the valence bands of most III-V and group-IV semiconductors, essential for modeling the in-plane dispersion of valenceand inter-band quantum heterostructures. To check this belief, we study valence-band warping in the spin-orbit sp 3 s* model including interactions up to second-nearest-neighbor, providing exact, analytic formulas for the ͓110͔ and ͓111͔ light-and heavy-hole masses. Surprisingly, we find that the second-nearest-neighbor model offers significantly more flexibility in fitting these masses independently of those along ͓001͔ than does the nearest-neighbor model. ͓S0163-1829͑99͒10007-9͔
Empirical tight-binding techniques are increasingly employed in calculating the transport and optical properties of quantum semiconductor structures such as resonanttunneling diodes ͑RTDs͒, quantum wells ͑QW's͒, and superlattices. Being relatively more complete than envelopefunction or k•p models, they naturally incorporate the entire bandstructure of the constituent bulk materials in a transparent manner; the short-range nature of their interactions also facilitates modeling the heterointerfaces present in such structures. Judiciously employed, the tight-binding method can deliver results of high accuracy; all too often, however, this potential goes unrealized, through a poor choice of either model or parameters. Indeed, while it ought to be selfevident, or at least easily deduced from the derivatives of the Hamiltonian matrix, 1 the incompleteness of any practical tight-binding model is effectively ignored by many scientists. This notwithstanding, the tight-binding technique remains a powerful and subtle approximation method, requiring care in its application, especially regarding the choice and parametrization of models.
In order to help workers choose and optimize tightbinding models we have recently studied the properties of the spin-orbit sp 3 s* model 2 in both its nearest-3 and second-nearest 4 -neighbor manifestations, presenting exact formulas for the effective masses along ͓001͔. Formulas for the effective masses along ͓001͔ in the no-spin orbit, secondnear-neighbor sp 3 model have been given by Loehr and Talwar. 5 These studies, through their analytic expressions showing the exact parameter dependence of the curvatures, have greatly improved the understanding of the relationship between the electron-and light-hole masses. Results of these efforts include parametrizations more accurately reproducing the complex bands of QW and RTD barrier materials, essential for good conduction-band device calculations, as well as a better appreciation for the propriety of a given model ͑nearest-vs second-nearest neighbor͒ for a given material.
As useful as these analytic formulas are, however, they need to be supplemented for work involving valence-or interband heterostructures due to the significant warping of the heavy-hole bands along the ͓110͔ and ͓111͔ directions. This warping is important for valence-band QWs grown on ͓001͔-oriented substrates, since it affects the in-plane dispersion of the bound states, a subject of theoretical interest; 6,7 more intriguingly, recent experiments employing resonant magnetotunneling spectroscopy [8] [9] [10] [11] have directly probed the QW in-plane dispersion. Correct calculation of valence-band states, therefore, demands good reproduction of the hole masses in all three directions, which requires that the exact relationship between the masses be understood. It is particularly important to determine whether or not fixing the heavyand light-hole masses in one direction determines them in the others. Also, since the second-near-neighbor model is more computationally demanding than the nearest-neighbor version it is of interest to know whether or not it can more accurately reproduce the hole masses along each direction. Finally, in fitting the parameters of a tight-binding model, the more is known about the masses, the easier the process. Addressing all of these issues, therefore, requires not only exact analytic expressions for the ͓110͔ and ͓111͔ masses but also a thorough understanding of their connection to the ͓001͔ masses.
We consider the sp 3 s* Hamiltonian 2 with interactions up to the second-nearest neighbor. We follow Chadi's 12 treatment of the spin-orbit coupling, which retains only same-site spin-orbit parameters, since in most materials the shift of the heavy-hole maxima away from the zone center is not significant. ͑Reproducing this shift requires at least nearestneighbor spin-orbit coupling, 13 and furthermore, renders analytic effective mass formulas impractical at the very minimum since the valence-band maxima no longer occur at kϭ0.͒ We furthermore assume that both the nearest-and second-nearest neighbor s-s* and s*-s* parameters are set to zero. Our nonzero parameters, in the Slater-Koster 14 notation, along with abbreviations for those appearing in the effective-mass formulas, are given in 
where a is the conventional unit-cell cube edge, m 0 the freeelectron mass, and m ͓001͔ (lh) and m ͓001͔ (hh) the effective masses for light and heavy holes along ͓001͔, given in Eqs. ͑5͒ and ͑6͒ of Ref. 4 , respectively. The coefficients are likewise the same as in Ref. 4 : 
In contrast, we find that the ͓110͔ masses can be expressed without explicit reference to the tight-binding parameters:
͑6͒
Note that the hole masses in Eqs. ͑1͒, ͑2͒, ͑5͒, and ͑6͒ are negative.
The implications of Eqs. ͑1͒, ͑2͒, ͑5͒, and ͑6͒ for both the choice and parametrization of a tight-binding model are profound indeed. In the first place, we see from Eq. ͑1͒ that the only parameters not appearing in the expressions for m ͓001͔ are the second-nearest-neighbor interactions V xa,ya and V xc,yc . Indeed, in the nearest-neighbor model both m ͓001͔
(hh) and m ͓111͔ (hh) are determined by only six parameters ͑E pa , E pc , V x,x , V x,y , a , and c ͒ of which two, a and c are, for all practical purposes fixed, while each of the remaining four affects at least one of these features: the gaps at ⌫ and X, the light-hole masses, the conduction-band mass at ⌫, and the X-valley longitudinal mass. Thus, although it is certainly true that a nearest-neighbor model can reproduce both m ͓001͔
(hh) and m ͓111͔ (hh) , it is also obvious that doing so may entail significant compromises in one or more of these other bandstructure features, so that for valence-and interband heterostructures the second-nearest-neighbor model may be the better choice. Furthermore, since Eqs. ͑2͒, ͑5͒, and ͑6͒ are expressed solely in terms of m ͓001͔ (lh) , m ͓001͔ (hh) , and m ͓111͔ (hh) we see that, in spite of the entry of two new parameters into Eq. ͑1͒, these three masses specify completely the remaining three ͑not just two͒. Indeed, the fact that only the secondnearest-neighbor model offers additional freedom ͑and only via the parameters V xa,ya and V xc,yc ͒ in fitting the ͓110͔ and ͓111͔ masses is a bit surprising in view of the widely held perception that even the nearest-neighbor sp 3 model can accurately fit the valence bands.
The above formulas give us further insight into properties of the model; from Eq. ͑1͒ we can see that the ͓111͔ heavyhole mass will usually be greater in magnitude than the ͓001͔ heavy-hole mass. The first two terms of Eq. ͑1͒, the secondorder corrections due to second-near-neighbor interactions, are ͑with the global factor 1 3 ͒ more positive/less negative generally than those of the ͓001͔ expression due to the newly appearing parameters V xa,ya and V xc,yc , tending to make the ͓111͔ holes heavier than the ͓001͔ holes. The last term of Eq. ͑1͒ likewise tends toward heavier holes; rewriting it,
͑7͒
We see that ͑again accounting for the global factor 1 3 ͒ the first two terms of Eq. ͑7͒ are the same as their counterparts in the ͓001͔ expression. The last term of Eq. ͑7͒ is, like the heavyhole split-off electron term of the ͓001͔ expression, negative, but in the limit of small spin-orbit coupling it is smaller in magnitude by approximately V x,x /V x,y , therefore increasing the curvature rather less than in the ͓001͔ case. ͑The remaining term of the ͓001͔ case is the typically quite small heavyhole split-off hole coupling.͒ Altogether, then, these trends tend to make the ͓111͔ heavy holes heavier than the ͓001͔ heavy holes, regardless of the parameters.
Because the heavy-hole mass is in most materials considerably larger than the light-hole mass, Taylor expansions of Eqs. ͑5͒ and ͑6͒ can give further insight into the interrelationships among the masses intrinsic to the models. To the first order in m ͓001͔
(lh) /m ͓001͔ (hh) and
.
͑9͒
From these we see that m ͓110͔ (lh) is usually close to m ͓001͔ (lh) and that m ͓110͔ (hh) lies closer to m ͓111͔ (hh) than m ͓001͔ (hh) ; these trends are generally reflective of experimental results to the extent that the model employed accurately fits m ͓111͔ (hh) . We have used the above effective-mass formulas to optimize our previously published parametrizations of GaAs and GaSb ͑Ref. 4͒ for valence-or interband heterostructure calculations. The parameters are listed in Table I , and the gaps and masses they reproduce are given in Table II ; included also is a new parametrization for InSb. For reference, Table II also lists the masses and gaps reproduced by our previous parameterization of GaAs. Because the second-nearestneighbor parameters V xa,ya and V xc,yc affect both the L-valley position and curvature some compromise in the fit of the conduction band is generally necessary. ͑The less complete experimental picture for InAs and AlSb with respect to both the L valley and ͓110͔ and ͓111͔ heavy-hole masses, coupled with the fact that their parametrizations in Ref. 4 already reproduce heavy-hole masses similar to those of other III-IV materials suggests leaving these parameter sets unchanged; the AlAs parameter set there reproduces reasonable hole masses given experimental uncertainties.͒ Here the fitting procedure was much simpler than in the case of Ref. 4 , since only the second-nearest-neighbor parameters V xa,ya and V xc,yc were altered. These parameters did not affect the positions or masses of the conduction-band X-and ⌫-valleys, and because we are interested here in the valence bands we accepted less accurate L valleys.
The importance of properly fitting the ͓110͔ and ͓111͔ hole masses is best appreciated by graphing the valence-band warping. In Fig. 1 we plot E(k x ,k y ,0) for one of the heavyhole bands of GaAs calculated with: ͑a͒ the parameter set of Ref. 4 ; and ͑b͒ the present parameter set. In both cases the valence-band maximum is at Ϫ0.102 78 eV; examining Table II we see that although both sets reproduce identical ͓001͔ masses their ͓110͔ and ͓111͔ masses differ significantly. The plots amply illustrate this, since they agree well near the k x and k y intercepts, but disagree markedly along the ͓110͔ direction. Notice in particular that the larger ͓110͔ heavy-hole mass of the earlier parameter set ͑a͒ results in too much warping of the heavy-hole bands as compared to the present set ͑b͒.
Having seen the effects of the ͓110͔ and ͓111͔ masses on the bulk bands, we now briefly examine their impact on the in-plane dispersion of a GaAs/AlAs QW, the symmetric structure has 10-ML AlAs barriers and a 20-ML GaAs well. At each value of the in-plane wave vector k ʈ ϭk x e x the subbands are given by the real parts of the poles of the Green function ͓EϪH(k ʈ )͔ Ϫ1 ͑Ref. 16͒, E res , under flatband conditions ͑zero bias and zero-space-charge͒; the dispersion is obtained by plotting the (k x ,E res ) pairs. In Fig. 2 we show the subbands of this QW as calculated using the AlAs parameters of Ref. heavy-hole masses reproduced by the two sets ͑see Table II͒ disagree significantly, and this is manifested in the subbands. For very small k ʈ the subbands agree since these GaAs parameter sets have identical ͓001͔ masses and the same bandgap, however, for rather modest k ʈ ͑essentially above 0.04͒ they differ significantly. This disagreement underscores the importance of properly fitting the ͓110͔ and ͓111͔ masses for valence-band quantum heterostructures.
In conclusion, we have examined the spin-orbit sp 3 s* model including interactions up to the second-nearest neighbor, deriving exact analytic expressions for the ͓110͔ and ͓111͔ heavy-and light-hole masses. We find that, rather surprisingly, the second-nearest-neighbor model affords much more flexibility in fitting the ͓110͔ and ͓111͔ masses independently of the ͓001͔ masses than does the nearest-neighbor model, and that in either model, once both ͓001͔ masses and one of the ͓111͔ masses are fixed both ͓110͔ masses, as well as the remaining ͓111͔ mass, are completely determined; there is no additional freedom in fitting them. We have used these results to alter our earlier conduction-band optimized parameter sets, presenting sets tailored for valence-band structures. Finally, we have seen how the ͓110͔ and ͓111͔ masses can affect the in-plane dispersion of a QW.
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